Abstract: This paper applied the idea of block pulse (BP) transform in the equivalent linearization of a nonlinear system. The BP transform gives effective tools to approximate complex problems. The main goal of this work is on using BP transform properties in process of linearization. The accuracy of the proposed method compared with the other equivalent linearization including the stochastic equivalent linearization and the regulation linearization methods. Numerical simulations are applied to the nonlinear Van der Pol oscillator system under Gaussian white noise excitation to demonstrate the feasibility of the present method. Different values of nonlinearity are considered to show the effectiveness of the present method. Besides, by comparing the mean-square responses for divers values of nonlinearity and excitation intensity depicted the present method is able to approximate the behavior of nonlinear system and is in agreement with other methods.
Introduction
Study of nonlinearity in dynamic systems has been an important area of researches in last decades. In structural dynamics nonlinearities can arise in various forms and usually become progressively more significant as the motion amplitude increases. Nonlinearity may result due to boundary conditions for instant, looseness, clearances, temperature effects [1] . Nonlinear systems may exhibit interesting and complex behavior, such as limit cycles, bi-furcations and even chaos which are difficult to predict. Besides in practical applications, due to the high intensity nature and often complex nature of non-stationary environmental loads such as wind and earthquakes, the systems subjected to these loadings may experience large stress or displacement that results inelastic behavior. To describe real observed processes in any field of engineering, researchers often use mathematical models. Its role is to provide a better understanding and characterization of the system. For dynamic processes, these models contain many different types of equations such as ordinary or partial differential equations and algebraic equations. In general case, due to the nature of the considered problems are nonlinear, there is no exact solution for such equations unless for some special cases [2] . Therefore the solutions are approximate. There are diverse approaches which have been developed over the years to treat the nonlinear problems such as harmonic balance, averaging, perturbation, Monte Carlo simulation and normal form transformation [3] [4] [5] [6] [7] . Also there are the semi-analytical methods, such as the high order harmonic balance (HOHB) method which has been developed to avoid the tedious algebraic calculations involved in the classical harmonic balance method in processing the nonlinear term in the nonlinear dynamical system [8] , the high dimensional harmonic balance (HDHB) method and the time domain collocation (TDC) method [9] . Meanwhile, among methods dealing with nonlinear problems, linearization techniques are the oldest and the most popular methods of approximation. One of the linearization method is the Lyapunov linearization technique used to approximate a nonlinear system with a linear one that is around the equilibrium point, and it is expected the behavior of the linear system will be the same as that of nonlinear one. Feedback linearization is another approach, which is a common approach used in nonlinear control systems. This method is based on the idea of transforming original system model into equivalent linear one which is changed to the state variables and a suitable input instead [10] . The stochastic equivalent linearization method of dynamical system is one of the common approaches to the approximate analysis. The methods can be considered in different fields such as state space, frequency domain, distribution space and characteristic functions space. Usually they consist of two main steps, in the first step, deal to find explicit or implicit analytical formulas for linearization coefficients based on the linearization criterion which is depend on unknown response characteristics such as mean value, variance, and higher-order moments. In the second step, deal to replace the unknown characteristics by the corresponding ones determined for linearized systems. It should be considered that accuracy and feasibility of these solutions dependent on the type of nonlinearity and intensity of external excitation forces. The original version of stochastic equivalent linearization present by Caughey the pioneer person in the development of the stochastic equivalent linearization procedure for estimating the mean and variance of the response of a non-linear system to random excitation. He investigated the Van der Pol oscillator and a system with bilinear hysteresis under random excitation in 1956 and 1960 respectively [11, 12] . This method is based on replacing an original nonlinear system under Gaussian random excitation by a linear one under the same excitation for which the coefficients of the equivalent system can be found from a specified optimization criterion, such as the mean-square criterion [12] , energy criteria [13] , spectral criteria [14, 15] , and probability density criteria [16] in some probabilistic sense. The method then has been generalized to random vibration of multidegree-of-freedom systems by Iwan and Yang and Atalik and Utku [17, 18] . The other similar procedures developed by operating directly on the equations of motion. Usually associated in the literature with the statistical linearization technique introduced by Kazakov [19] , but as discussed by Socha and Pawleta the methods proposed by Caughey and Kazakov are not the same approach [20] . Many developments have been present since the fundamental work of Caughey and a comprehensive treatment of the subject can be found in [21] . In 1986, Brückner and Lin [22] generalized the method of equivalent linearization such that the response of a nonlinear oscillator subjected to both parametric and external random white noise excitations can be determined approximately. In 1993, Casciati and Faravelli [23] introduced a novel philosophy for stochastic equivalent linearization and then they studied Duffing and hysteretic oscillators in detail. In 2006, Crandall described some of interesting episodes in the past half century [24] . Some extensions of equivalent linearization were present in [25] [26] [27] [28] . In [29] also studied systems under both type of excitations including harmonic and random excitations.
The idea of transformation is a common procedure to approximate various problems in mathematics. After the transformations are defined appropriately, mathematical expressions and solutions of many problems can be simplified. For example, the solutions of certain differential equations are complicated in the time domain, but after they are transformed into the corresponding algebraic equations, their solutions are much easier. The block pulse (BP) transform provides a useful tool to solve difference and integral equations of any order with less computational costs. The BP transform originated from BP functions. The BP functions are a set of orthogonal functions with piecewise constant values and are usually applied as a useful tool in the analysis, identification and other problems of control and systems science. Their extensive application to the area of control and systems was started three decades ago. Some papers discussed the BP transform and BP function in solving certain system and control problems. Ghaffarzadeh and Younespour proposed an equivalent linearization method for deterministic excitation based on BP transform [30] . Optimal control for distributed parameter systems via BP transform discussed in [31] . In active control problem a new method present based on BP functions evolves minimizing computational costs of analytical approaches [32] .
The main objective of this study is on using the concept of BP transform in linearization procedure through its simple and easy operation. The effectiveness of the present method is validated by simulation on a nonlinear Van der Pol oscillator system under stationary Gaussian white noise excitation. The linearized system by existing methods have been compared. Numerical simulation results and comparing mean-square response of existing methods depicted the present method have good agreement with stochastic equivalent linearization and regulation linearization methods.
The remaining of this paper is organized as follows. Section 2 presents the BP transform formulation. In section 3 linearization methods including proposed method based on BP transform and stochastic equivalent linearization and regulation linearization are presented. The simulations have been carried out to compare with the other methods in Section 4 and followed by the conclusion in Section 5.
Block pulse transform
The aim of transformation in mathematic is to find simple solution for concrete problems. The idea of transformations can also be applied in the block pulse function technique to simplify expressions. Every functions can be expanded into their block pulse series, and operations of functions can be converted to the operations of their block pulse series. The BP transformation can be introduced to express the relations between functions and their block pulse coefficients because block pulse coefficients take information of the corresponding block pulse series of the original functions. The BP transformation provides a technique for transforming a difference equation into an algebraic equation. The BP transformation method is very similar to z-transform method that can greatly facilitate the analysis [33] . The BP transform of function f (t) is defined by:
where z ∈ R and f i are the coefficients of the terms z −i (i = 0, 1, 2, . . .) in the power series which are the values of the f (t) at the corresponding time instants h. h is the sampling period. By using Tustin integrator (for more details see [33] ):
The BP transform can be defined in other form, as:
where
The summery of BP transform properties are following:
For addition and subtraction of function x (t) = f (t) ∓ g(t), we have:
For multiplied by a scalar x (t) = kf (t), we have:
For multiplication of function x (t) = f (t) g(t), we have:
For division of function x (t) = f (t)/g(t) with g(t) ≠ 0, we have:
dt , we have:
where f (0) 0 is the initial value of f (t). For special case we need in this study (x (t) = t n ), we have:
Linearization approach based on BP transform
In this paper a system which is a single degree of freedom with the nonlinear function only depending on two arguments of displacement and velocity considered. We consider a van der pol oscillator of the form
where ξ and ω are damping ratio and natural frequency. x is the displacement response of nonlinear Van der Pol oscillator system and the nonlinear function of considered system is g (x,ẋ) = αμx 2ẋ and α is the nonlinear factor that shows the rate of nonlinearity in nonlinear system. σ is excitation intensity and w(t) is a random excitation and a stationary zero-mean Gaussian white noise which correlation function is
where E [.] denotes the expectation of (.). σ 2 is variance and δ(τ) is Dirac delta function. It will be assumed that a stationary solution of Eq. (11) exist. Define the Eq. (13) as a linearized equation with equivalent linear coefficients to be determined to replace the nonlinear term αμx 2ẋ .
The error that yields by replacing equivalent linear system by nonlinear system can be defined as the difference of the two systems. Considering Eqs. (11) and (13) one can be define the error as
As the excitation is random, an apparently sensible strategy would be to minimize the average difference between the nonlinear system and the linearized system. In fact this is not sensible as the differences will generally be a mixture of negative and positive and could still average to zero for a wildly inappropriate system. The correct strategy is to minimize the expectation of the squared differences, i.e. find the c eq and keq which minimize,
Substituting (14) into (15) and performing the partial differentiations in the resulting equation, yield
As assumption the excitation is stationary Gaussian white noise and equivalent linear coefficient determined under stationary response, As the stationary displacement and velocity are uncorrelated, i.e., E [xẋ] = 0, therefore
and Eq. (17) derived
By performing the BP transform both sides of (19) yields: 
In practical applications involving numerical algorithms all parameters computing at discrete grid points. In discrete domain the minimization conditions are:
Where T is the final time-instants in simulation. In fact, the equivalent linear coefficient is calculated numerically. The parameters are to be discretized over all the time steps. In order to find the equivalent parameter Eq. (23) can be defined as follow:
In this section we present procedure of the stochastic equivalent linearization (the method proposed by Caughey) and the regulation linearization method (including one-step regulation procedure which proposed by Elishakoff). For stochastic equivalent linearization consider a nonlinear system subject to random excitation with the equation motion:
A linearized system can be find as follows:
where c e and ke are the equivalent linear coefficients to be determined by equivalent linearization approach to replace the nonlinear term. The replacement of a nonlinear system by a linear system is in some probabilistic sense and it will yield the difference or error. The error defined as
Minimizing the mean square value of J is the criterion used here, i.e.
The coefficients c e and ke are determined by the following equation:
Noting E [xẋ] = 0 and by considering Eq. (24) for Van der Pol oscillator we have
and
For more details see [3] . For the one-step regulation linearization procedure, the nonlinear term αγx 2ẋ is replaced by a higher-order term, αγ 1 x 4ẋ , and then this nonlinear term is replaced by other nonlinear one, αγ 2 x 2ẋ , and in the final step, the nonlinear term αγ 2 x 2ẋ is replaced by a linear one, Ceẋ.
This linearization procedure is illustrated by the following scheme:
For more details see [26] .
Linearization Results
The response of nonlinear Van der Pol system can be investigated numerically by simulation of Eq. ( The numerical results on considered system reveal that the proposed linearization technique based on BP transform is a promising tool in linearizing nonlinear systems. The agreement is good as it can be seen from Figs. 1-4 . But the results demonstrate that the errors increase in high rate of nonlinearity. Also, this fact can be concluded from velocity response of system. Fig. 5 demonstrated the Table 1 . Also the results of the approximate mean-square response of the considered system obtained by present methods are compared in Table 2 with α = 1 and various values of σ 2 .
It is seen that, in general, for different values of α, the errors of the present method give results better than other linearization methods. However, the approximated results get worse for large values of the nonlinearity factor. The obtained comparison shows a good agreement among these methods. So as to analyze the performance of the present linearization approach, the considered system subjected to Gaussian white noise and the feasibility of the present method is demonstrated. The numerical simulation results and comparisons reveal that for any rate of nonlinearity in nonlinear system, the displacement response of the present method is well-approximated than other existing methods. Lastly it should be pointed out that the errors rise with the nonlinearity, but the present method errors are smaller than the utilization of the other approaches.
